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Oceanic observations indicate that abyssal mixing tends to be localized to regions
of rough topography. How localized mixing interacts with the ambient fluid in a
stratified, rotating system is an open question. To gain insight into this complicated
process laboratory experiments are used to explore the interaction of mechanically
induced boundary mixing and an interior body of linearly stratified rotating fluid.
Turbulence is generated by a single vertically oscillating horizontal bar of finite
horizontal extent, located at mid-depth along the tank wall. The turbulence forms
a region of mixed fluid which quickly reaches a steady-state height and collapses
into the interior. The mixed-layer thickness, hm ∼ γ (ω/N )1/2, is spatially uniform and
independent of the Coriolis frequency f . N is the initial buoyancy frequency, ω is the
bar oscillation frequency, and γ ≈ 1 cm is an empirical constant determined by the
bar geometry. Surprisingly, the export of mixed fluid does not occur as a boundary
current along the tank perimeter. Rather, mixed fluid intrudes directly into the interior
as a radial front of uniform height, advancing with a speed comparable to a gravity
current. The volume of mixed fluid grows linearly with time, V ∝ (N/f )3/2h3

mft, and
is independent of the lateral extent of the mixing bar. Entrainment into the turbulent
zone occurs principally through horizontal flows at the level of the mixing that
appear to eliminate export by a geostrophic boundary flow. The circulation patterns
suggest a model of unmixed fluid laterally entrained at velocity ue ∼ Nhm into the
open sides of a turbulent zone with height hm and a length, perpendicular to the
boundary, proportional to Lf ≡ γ (ω/f )1/2. Here Lf is an equilibrium length scale
associated with rotational control of bar-generated turbulence. The model flux of
exported mixed fluid Q ∼ hmLf ue is constant and in agreement with the experiments.

1. Introduction
Turbulent mixing in the deep ocean is fundamental to the meridional overturning

circulation. Cold dense bottom water, formed through surface heat loss in high-
latitude marginal seas, sinks, spreads equatorward and upwells in the ocean basins.
To complete the overturning cycle and to sustain the steady-state density distribution
of the world oceans, the rising water must be modified by the downward diffusion
of heat. Munk (1966) proposed a one-dimensional advective–diffusive balance to
account for the distribution of temperature and salinity in the central Pacific. In this
model the upwelling of Antarctic Bottom Water implied a constant diapycnal mixing
rate with the turbulent diffusivity coefficient κ ≈ 10−4 m2 s−1. Hogg et al. (1982), in
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a mass and heat budget of the Brazil Basin, inferred a similar spatially averaged
mixing rate of O(10−4) m2 s−1. Locally observed mixing rates, however, range over
three orders of magnitude. Microstructure measurements and tracer studies show that
in the ocean interior away from boundaries diffusivities are O(10−5) m2 s−1, while
over abrupt topographic features mixing rates climb as high as 10−3 m2 s−1 (Lueck &
Mudge 1997; Polzin et al. 1997; Toole, Polzin & Schmitt 1994; Toole, Schmitt & Polzin
1997; Ledwell et al. 2000). The distribution pattern suggests that locally generated
salinity and temperature characteristics are exported from mixing sites along neutral
surfaces and that the advective–diffusive balance is a three-dimensional rather than a
one-dimensional process (Munk & Wunsch 1998).

Few observations exist of the interactions between turbulent regions and ambient
ocean waters, but in the laboratory aspects of the dynamics can be isolated and
explored. The research described in this paper considers both horizontal and vertical
exchanges between a localized patch of mixing and a quiescent body of rotating
stratified fluid. The experiments are conducted in a rotating tank filled with linearly
stratified salt water. Turbulence is induced by a single oscillating bar of finite width
placed at mid-depth along a section of the tank wall. The experiments investigate
the entrainment of ambient fluid into the turbulent zone, the export of mixed fluid
into the interior of the tank, mixed fluid properties, volume and distribution, and the
overall flow field associated with localized mixing. These characteristics are described
and quantified as functions of the Coriolis frequency,

f = 2Ω, (1)

where Ω is the tank rotation rate about the vertical z-axis, and the buoyancy
frequency, N ,

N 2 = − g

ρo

∂ρ

∂z
, (2)

where g is the acceleration due to gravity, ρo is the reference density, and ρ(z) is the
ambient density. Turbulent properties are described as a function of the bar oscillation
frequency, ω. The parameterization of bar-generated turbulence is discussed in § 3.

Oceanic observations suggest that the energy for local turbulent mixing comes from
internal waves that arise from tidal flow over rough topography, interact and develop
instabilities (Ledwell et al. 2000). In the laboratory it is difficult to produce sustained
controlled mixing through a similar process. Since the goal is to examine the effects,
rather than the source, of localized mixing, the experiments rely on a mechanical
mixing method to establish turbulence. Previous laboratory studies have examined
the properties of mechanically induced turbulence and its evolution in the presence
of stratification or rotation, and provide a background for the parameterization of
bar-induced turbulence developed in § 3.

The present research also builds upon laboratory studies that investigated the
interaction of mechanically generated mixing with a rotating stratified environment.
Ivey (1987) considered vertical boundary mixing, Thomas & Linden (1996) examined
cross-frontal exchanges, and Davies et al. (1991) studied the effects of mixing at the
end of a channel.

Ivey (1987) imposed turbulence in a two-layer fluid using a centrally placed,
vertically oscillating cylindrical grid of spaced horizontal bars. While the grid
generated turbulence over the full depth of the tank, mixing was restricted to the
density interface. Mixed fluid moved radially outward along the neutral density
surface and developed into an anticyclonic rim current around the grid which
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ultimately became unstable. The resulting chaotic eddy field transported mixed fluid
further into the basin interior. Ivey found that rotation was a factor in the width
of the coherent boundary current and the onset of instability, and thus affected
the horizontal distribution of mixed fluid. However, the vertical mixing rate was
independent of rotation and solely a function of stratification and grid frequency.

Thomas & Linden (1996) produced mixing across a horizontal density gradient.
The mixing mechanism was a horizontally oriented, vertically oscillating flat circular
grid in the centre of a cylindrical tank initially filled with a two-layer system. The
mixing established a central full-depth column of intermediate-density fluid which
spread radially along the neutral density surface. Once the mixed layer reached the
outer tank wall, mixed-layer height began to increase. By observing volume changes
in the three layers Thomas & Linden found that the growth of the mixed layer was
governed by the rate at which ambient fluid could enter the central mixing zone, and
that this was affected by rotation. Horizontal entrainment increased with stratification
and decreased with rotation.

Davies et al. (1991) imposed mixing at one end of a long rotating rectangular tank
filled with linearly stratified salt water. The mixer, a vertically oscillating horizontal
grid of intersecting bars, spanned the width of the tank. The arrangement was
distinct from the previously described full-depth axisymmetric mixing mechanisms.
Davies et al. observed the vertical growth of the turbulent layer at the grid and the
horizontal circulation of the outflow of mixed fluid. The outflow was deflected to the
right, forming a boundary current that followed the tank perimeter. After the initial
development phase, the mixed-layer thickness near the grid remained constant until the
boundary current returned to the source, after which it resumed thickening. While the
initial mixed-layer height was determined by stratification, the further growth after
the return of the boundary current was an increasing function of rotation. Davies
et al. concluded that vertical entrainment was being augmented over long times by
the lateral injection of previously mixed fluid.

It is interesting that turbulent entrainment of ambient fluid in the Ivey, Thomas &
Linden, and Davies et al. experiments appears to depend as much on the configuration
of the mixing region as on variations in stratification and rotation. The structure of
the mixing region in each case determined the possible pathways of fluid exchange
and influenced the roles of rotation and stratification in the production of mixed
fluid.

In this work a single bar of finite horizontal length is used to generate turbulent
mixing at the boundary of a rotating cylindrical tank of linearly stratified fluid. The
localized nature of the turbulence permits both vertical and horizontal entrainment of
ambient fluid and distinguishes these experiments from the earlier studies. Based on
the experiments cited above, stratification was expected to limit the height of the mixed
layer and the mixed outflow was expected to form a geostrophic boundary current
that flowed around the tank perimenter. The experiments do show a single mixed
layer of uniform thickness and finite width moving out from the bar. Surprisingly, the
emerging intrusion does not form a cyclonic boundary current. Instead, flows exiting
the turbulent region appear to be constrained by entrainment-driven horizontal flow
approaching the region. The mixed fluid moves directly into the interior as a broad
front until the coherent advance gives way to instability. The subsequent distribution
of mixed fluid is through baroclinic eddies. The lateral entrainment of ambient fluid
at the level of the turbulent zone dominates the vertical entrainment.

Section 2 describes the laboratory apparatus and measurement techniques. Section 3
discusses the bar-induced turbulent properties, and defines length scales used in the



86 J. R. Wells and K. R. Helfrich

Probe  locations

P

P

Interior wall

Plate

Mixing bar

Top

B
ottom

Ω

Figure 1. Sketch of the experimental apparatus, showing a top view of the 114 × 114 cm
square glass tank, the circular interior wall, the probe locations, and the mixing bar and
support plate. To the right of the tank is a 45◦ mirror giving a side view of the bar. The mixed
fluid is shown moving directly out from the bar. Its area is measured from the top view; the
height is measured from the mirror view at the site of the doubleheaded arrow.

analysis of experimental results. Sections 4 and 5 give a qualitative picture of the
exchanges between the turbulent patch and the basin interior, and a quantitative
analysis of the production of mixed fluid, respectively. Section 6 proposes a simple
scaling model that ties the volume flux of mixed fluid to the lateral entrainment
process. Section 7 examines variations in the width of the mixing bar. Section 8
investigates the limits of rotational effects on mixed-fluid flux. The concluding section
summarizes the laboratory results and examines their application to oceanic mixing.

2. Experimental set-up
2.1. Laboratory apparatus

A sketch of the laboratory apparatus is given in figure 1. The 114 × 114 cm2 glass
tank was fitted with an interior circular Plexiglas false wall forming a cylindrical
working section that prevented corner effects from complicating interior flows. The
adjacent 45◦ mirror was used to give side views of the experiments when viewed
from above. The entire apparatus was placed on a 2m diameter turntable. Both the
table and a video camera, located 5 m above the tank, rotated with angular frequency
Ω = f/2 (counterclockwise when viewed from above). The tank was filled with linearly
stratified salt water to a working depth of 26.5 cm.

Turbulent mixing was produced by vertically oscillating a single horizontal bar
with a fixed cross-section, 1.27 × 1.27 cm2, and a variable width, 15 � LB � 30 cm. The
motion was sinusoidal with amplitude, A= 0.35 cm, and frequency, ω = [7, 14, 28] s−1.
Figure 1 shows the bar mounted at mid-depth on a support plate which was set into
a flat section of the interior wall. The support plate did not introduce any additional
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mixing except at its lower edge. This disturbance was minimized by chamfering the
bottom of the plate.

The main visual record of the flow was obtained by the injection of dye directly in
front of the bar. The dye injection system used a syringe pump and several narrow
gauge needles to introduce dye continuously and evenly. The dye was mixed quickly
throughout the turbulent region and marked the subsequent movement of mixed fluid.
The overhead video camera photographed the top view and the reflected side view
of the spreading dye. These images were recorded on both video tape and in directly
digitized computer image sequences with known time intervals.

The initial stratification was measured using a Precision Measurement Engineering
conductivity probe, calibrated for each experiment. In addition, periodic vertical
profiles of the conductivity were used to monitor the temporal evolution of
the stratification. Vertical profiles of conductivity measurements were made from
approximately 5 cm beneath the rigid lid (see below) to within 2 cm of the sand
bottom at 19 and 94 cm in front of the bar.

2.2. Stratification and spin-up

The linear stratification was accomplished through the two-reservoir method (Oster
1965). Increasingly dense water was introduced over a 2 hour period through a diffuser
at the bottom of the tank that was covered by a layer of sand. The sand helped speed
up the spin-up.

For a linearly stratified fluid the spin-up time is τ =O(H 2/ν), where H is the
total depth and ν = 0.01 cm2 s−1 is the kinematic viscosity of water. However, rigid-
body rotation cannot be achieved in a stratified laboratory container, regardless of
the elapsed time. The pressure surfaces of the fluid form paraboloids of revolution.
Because of the no-salt-flux condition at the vertical tank walls the density surfaces
are not parallel with the pressure surfaces. Thus the horizontal density gradient along
the pressure surfaces induces an azimuthal flow (Barcilon & Pedlosky 1967).

A balance was sought in the spin-up process between the time required for the
fluid to come into approximately solid-body rotation with the container, and the time
within which diffusive processes at the tank perimeter induce a background flow. An
early set of experiments investigated the spin-up for a free surface and for a rigid lid
with N = 0.7 s−1 and f = [0.3, 0.7, 1.4] s−1. The horizontal displacements of vertical
streaks from potassium permanganate crystals were monitored over a 6 hour period
after the tank was filled. The free-surface experiments showed azimuthal anticyclonic
residual velocities increasing linearly from zero at the bottom boundary to a maximum
of O(10−1) cm s−1 at the free surface. Within the first four hours the flows decreased
by about one half, and over the following two hours the decay process continued,
though more slowly. With the addition of the rigid lid azimuthal velocities peaked
at mid-depth and decreased to zero at the top and bottom boundaries. The velocity
maxima were reduced by half.

All the rotating experiments discussed below were conducted using a rigid lid. A
piece of Plexiglas was placed over the interior circular portion of the tank. It was
supported by styrofoam floats and rose with the incoming fluid. Four to six hours
after the tank was filled and prior to the initiation of mixing, the background velocity
field was checked. Velocity magnitudes were O(10−2) cm s−1, negligible with respect
to the mixing-induced circulations, and the vertical structure and horizontal direction
of the flow showed no distinct pattern. The rigid lid also served to eliminate surface
waves generated by the vertical motion of the mixer.
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2.3. Experimental variables

The primary independent variables were the buoyancy frequency N , Coriolis frequency
f , and bar oscillation frequency ω. These were varied over the ranges N =
[0, 0.21, 0.35, 0.70] s−1 and f =[0, 0.35, 0.70, 1.40] s−1, giving 1

4
� N/f � 3, and ω =

[7, 14, 28] s−1. In all cases the bar frequency was much higher than the buoyancy and
Coriolis frequencies, ω/N , ω/f � 1. Bar motion created localized turbulent mixing
rather than internal or inertial waves. The horizontal extent of the mixing region was
controlled by the bar width, LB = [15.2, 20.3, 22.9, 30.5] cm, which was kept much
smaller than the inner tank diameter, Lt = 112 cm. The short bar and the mid-depth
location left the mixing region exposed to both lateral and vertical exchanges with
the ambient fluid.

3. Mechanically generated turbulence
3.1. Background

The parameterization developed for bar-induced turbulence follows from the
Hopfinger & Toly (1976) model of the spatial decay of grid-generated turbulence
and from similar experimental studies of the inhibition of turbulence by buoyancy.
Hopfinger & Toly (1976) generated turbulence in a non-rotating homogeneous fluid
through vertical oscillation of a horizontally planar grid of intersecting bars. Direct
measurements of the r.m.s. velocity, ut , and the integral length scale, lt , established
that the grid produced nearly isotropic turbulence, that the length scale increased
linearly with distance d from the grid,

lt = βd, (3)

where β is an empirically determined constant, and that the turbulent velocity
decreased with distance, ut ∼ d−1. The turbulent velocities were dependent on the
grid geometry, given by M , the mesh spacing between the bars, and the grid motion,
characterized by the oscillation frequency ω and amplitude A. Velocity ut was found
to be given by

ut = C
AαM2−αω

d
, (4)

where C and α � 2 were empirically determined constants.
When turbulence occurs in stably stratified fluids, buoyancy forces tend to inhibit

vertical motion. The Ozmidov (1965) length scale, LO , arises from the balance of
buoyancy and inertial effects,

LO =

(
ε

N3

)1/2

, (5)

with the dissipation rate of turbulent kinetic energy ε is given by

ε =
ut

3

lt
. (6)

Stratification has little effect on turbulence with length scales lt <LO . However, as lt
approaches LO buoyancy suppresses turbulence and overturning eddies reach their
maximum vertical scale (i.e. lt ∼ LO). This limit corresponds to an internal turbulent
Froude number,

Frt ≡ ut

Nlt
, (7)

of order one.
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In grid-generated turbulence the Froude number decreases with distance from the
grid. At a critical distance, dN , Frt ∼ 1. From (3), (4), and (7), this distance is

dN ∼
(

CAαM2−αω

βN

)1/2

. (8)

More generally,

dN ∼ K1

(
ω

N

)1/2

, (9)

where the constant K1 is a function of the grid characteristics and has the dimension
of length.

A number of laboratory studies have demonstrated that the inhibition of vertical
turbulent overturning by stratification occurs at the critical distance dN from the grid.
In experiments using mechanisms similar to the Hopfinger–Toly grid, Linden (1973),
Turner (1973, 1986), Fernando (1988), and Fleury et al. (1991) examined uniform
mixing over a horizontal plane. The initially rapid formation of a mixed layer was
followed by the development of a sharp density interface and a reduced rate of
vertical entrainment. The suppression of turbulent growth occurred at a height scale
proportional to (ω/N )1/2.

In experiments where the imposed turbulence was spatially inhomogeneous, the
effects of buoyancy not only arrested the vertical overturning, but also led to
the simultaneous collapse of three-dimensional turbulence into lateral intrusions of
mixed fluid. Maxworthy & Monismith (1988) and De Silva & Fernando (1998) used
horizontal grids mounted in one section of a long rectangular tank to create a single
layer of mixed fluid. Ivey & Corcos (1982), Thorpe (1982), and Browand & Hopfinger
(1985) used vertically oriented planar grids to generate a ‘wall’ of turbulence. In these
last experiments multiple horizontal layers of mixed but non-turbulent fluid intruded
into the interior. The motion changed from three-dimensional turbulence to laminar
intrusions at a distance from the grid again proportional to dN (i.e. (ω/N )1/2), and
the heights of the individual intrusions were consistent with the turbulent length scale
lt |dN

predicted from (3) at the critical distance.
Laboratory studies also demonstrated that rotation imposes similar constraints on

three-dimensional turbulence. The analogy with stratified flow suggests that turbulent
motions sufficiently close to an oscillating grid will behave independently of rotation.
At a critical distance from the grid, rotation will suppress the vertical turbulent
motion. This transition is expected when the turbulent Rossby number,

Rot ≡ ut

f lt
, (10)

approaches unity from above. For low Rossby numbers the flow becomes strongly two-
dimensional and geostrophic. The properties of grid-generated turbulence, ut ∼ d−1

and lt ∼ d , predict a critical distance for Rot = O(1),

df ∼ K2

(
ω

f

)1/2

, (11)

where K2 is another grid-specific constant.
Dickinson & Long (1983) and Hopfinger, Browand & Gagne (1982) examined

rotational inhibition of turbulence using vertically oscillating horizontal grids to
generate horizontal planes of turbulent motion. At a distance proportional to (ω/f )1/2

the flow changed from three-dimensional turbulence to two-dimensional rotationally
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Figure 2. Side-view shadowgraphs of the turbulent zone and mixed layer in an experiment
with N = 66 s−1, A = 0.35 cm, and ω = 14 s−1. (a) Turbulent overturning and emergence of
mixed layer at t = 75 s. (b) Mixed layer at t = 3105 s.

dominated flows with strong vertical coherence. Dickinson & Long observed a
transition to organized vertically oriented sheets of dye, resembling Taylor curtains.
Hopfinger et al. described the emergence of concentrated vortices with axes parallel
to the axis of rotation. The horizontal scale of the vortices corresponded to the local
integral length scale at the critical distance, lt |df

, and so were proportional to (ω/f )1/2.

3.2. Parameterization of the single-bar-induced turbulence

As a prelude to the rotating experiments the turbulence produced by a single vertically
oscillating bar was investigated in a series of non-rotating experiments carried out
in a small tank. The 30.5 cm bar and plate assembly was mounted at one end of
a 40 cm wide by 60 cm long rectangular tank. The tank was filled with linearly
stratified salt water to a depth of 26 cm and covered with a rigid styrofoam lid. Five
experiments with N = [0.51, 0.54, 0.66, 0.34, 0.62] s−1 were conducted. The turbulence
and mixed-layer development were visualized with side-view shadowgraphs.

The shadowgraphs show the development of both the turbulent zone and a single
mixed-layer intrusion which propagated into the tank interior. These features are
illustrated in figure 2 with images from the experiment with N = 0.66 s−1. Figure 2(a),
at t = 75 s after the initiation of bar motion, shows small-scale density features in
front of the bar and distinct eddies above and below the bar. The turbulent zone has
already grown to the height that it will maintain despite the lateral export of non-
turbulent mixed fluid. Figure 2(b) shows an image at t =3105 s, after the intrusion of
mixed fluid has crossed the tank and returned to the bar. At this point mixed fluid
fills the entire horizontal plane at the level of the bar and the turbulent zone resumes
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growing vertically. The mixed layer thickens uniformly over time and the bounding
high-gradient interfaces sharpen.

In general, the turbulent zone and the single intrusion are similar to the intrusions
generated by the horizontally planar grids of Maxworthy & Monismith (1988) and
De Silva & Fernando (1998). The experiments also show that the height of the
turbulent zone grows approximately as t1/8 for Nt � 500. This t1/8 growth is consistent
with previous experiments and scalings for layer growth (see § 6.2).

A quantitative parameterization of bar-induced turbulence was developed following
the approach taken by Thorpe (1982). Thorpe used the Hopfinger–Toly model for
lt (3) and ut (4) to construct expressions for the critical distance dN (8) and for the
turbulent length scale lt at dN . At the time when the layers first appeared, Thorpe
recorded the distance of the turbulent front from the grid and the height of the
intrusion. He assumed that the front location represented dN and the layer heights
approximated lt |dN

. Thorpe set the model exponent to the Hopfinger–Toly value,
α = 1.5, and solved for the constants of proportionality C and β in (3) and (8). He
also examined the Ivey & Corcos (1982) data and determined values of C and β for
the solid-plate multibar grid used in their experiments.

Here it is assumed that the turbulent length scales for the single bar mechanism are
similar to those of the Ivey & Corcos grid that had horizontally oriented bars with
a 1.27 × 1.27 cm2 cross-section. The value Thorpe found for the Ivey & Corcos grid,
β = 0.24, is used in the parameterization of lt (3) and the formula for dN (8). Since
neither bar size nor amplitude are varied, the parameterization of turbulent velocity
ut (4) is written solely in terms of grid frequency ω and distance from the bar d ,

ut = G
ω

d
, (12)

where G replaces CAαM2−α and has the dimensions of length squared. Observations of
the layer height at the transition from turbulent overturning to laminar intrusion were
used in the experiment with N = 0.66 s−1 to evaluate dN and solve for the constant,
giving G =0.23 cm2. Thus the critical distance and associated turbulent length scale
were given by dN =1.9(ω/N )1/2 cm and lt |dN

= 0.45(ω/N )1/2 cm, respectively. The
measurement techniques and calculations are presented in detail in Wells (2003).

The formulae for dN and lt |dN
were applied to the remaining non-rotating

experiments with N = [0.51, 0.54, 0.34, 0.62] s−1. Observations matched predicted
values to within 20%. The greatest mismatch occurred in the one experiment that was
visualized using dye in the mixed layer. Otherwise the shadowgraph image data were
within 2% to 9% of the predicted values. While turbulent velocities and length scales
were not directly measured in the experiments, the inferred values for the constants,
β and G, yielded plausible and consistent predictions for the mixed-layer height.

A quantity of interest in the derivation of length scales for the rotating mixing
experiments is the inverse of the turbulent timescale (lt /ut )

−1. From (3) and (12) it
can be written as

ut

lt
= γ 2 ω

d2
. (13)

Here γ ≡ (G/β)1/2 = 0.98 cm using G and β determined above.

3.3. Experimental length scales

The length scales used in evaluating the rotating experiments described in the
following sections include the width of the mixing region, given by the bar width LB ,
and three other scales constructed from the frequencies N , f and ω. Two follow from
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the assumption that motion at the interface of the turbulent zone and the ambient
rotating stratified fluid is set by a balance between the intrinsic time scale of the
turbulence, lt /ut , and the buoyancy and rotation periods, N−1 and f −1. The distances
from the bar at which the turbulent Froude (7) and Rossby (10) numbers equal unity
can be found using the bar parameterization (13). These are then identified with a
buoyancy height scale, HN ,

HN ≡ γ

(
ω

N

)1/2

(cm). (14)

and a rotational length scale, Lf ,

Lf ≡ γ

(
ω

f

)1/2

(cm). (15)

The third length scale used in analysing the experimental results is the internal
Rossby radius of deformation, hereafter referred to as the deformation radius, based
on a vertical height h (∼ HN ),

LR =
Nh

f
. (16)

The deformation radius is the horizontal scale at which rotation begins to control the
outflow.

The experimental variations in N , f , and ω listed earlier give 4 � HN � 9 cm,
3 � Lf � 7 cm and 1.6 � LR � 12 cm.

4. Qualitative results
4.1. Export of mixed fluid from the turbulent zone

Turbulent mixing of a rotating, stratified fluid begins with the onset of the bar
oscillation at t = 0. The typical development of the mixed layer is seen in images
from an experiment with (N, f ) = (0.9, 0.9) s−1 (figure 3). Note that the experiments
shown in figures 3 to 5 all have ω = 14 s−1 and LB = 20.3 cm. Within the first 30 s
a dyed turbulent region has formed around the bar and mixed fluid has collapsed
into an outwardly moving intrusion (figure 3a). At t =60 s (figure 3b), the turbulent
region at the bar has reached its full height (thickness) and the emergent mixed layer
is well-defined. Figures 3(c) and 3(d) show that the layer height remains essentially
uniform as mixed fluid advances into the interior (t = 300 and 600 s).

Images from experiments with 1
3

� N/f � 3 indicate that vertical mixing is restricted
by stratification, while the lateral distribution of mixed fluid depends on both N and
f . Figure 4 shows mixed layers at t = 360 s from four experiments with different
values of the buoyancy and Coriolis frequencies. Compare figures 4(a) and 4(b) where
N = 0.3 s−1, and f = 0.3 and 0.9 s−1, respectively, with figures 4(c) and 4(d) where N =
0.9 s−1 and f = 0.3 and 0.9 s−1. The layer heights decrease with increasing stratification
and are independent of f . However, the length of the intrusion is affected by both
Nand f . Greater length is associated with higher buoyancy frequencies and lower
Coriolis frequencies.

Figure 5 presents top view images of the experiments in figure 4 with N/f = 3
(figure 5a, b, c) and N/f = 1

3
(figure 5d, e, f ). When N/f = 3 the emerging fluid moves

directly across the tank (see figures 5a and 5b at t = 360 s and t =900 s, respectively).
The dyed layer encounters the opposite wall at t = 1200 s and by t = 3600 s (figure 5c)
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(a)
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(c)
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20 cm

Figure 3. Dye images for an experiment with (ω,N, f ) = (14, 0.9, 0.9) s−1 and LB = 20.3 cm.
Side view of mixed layer. (a) t = 30 s, (b) t = 60 s, (c) t = 300 s, (d) t = 600 s.

(a)

(b)

(c)

(d )

Figure 4. Side view dye images for four experiments with ω = 14 s−1 and LB = 20.3 cm at
t =360 s. (a) N/f =1, (N, f ) = (0.3, 0.3) s−1. (b) N/f =1/3, (N, f ) = (0.3, 0.9) s−1. (c) N/f = 3,
(N, f ) = (0.9, 0.3) s−1. (d) N/f =1, (N, f ) = (0.9, 0.9) s−1.

it has spread over the entire tank interior. For N/f = 1
3

the front of mixed fluid
never crosses the tank. At t = 360 s (figure 5d) the flow has gone less than one half
the distance covered in the same time period by the flow in figure 5(a). By t =900 s
(figure 5e) a field of eddies has formed and the cross-tank progress of the coherent
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(a)

(b)
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Figure 5. Dye images. (a, b, c) Experiment with N/f = 3, (ω,N, f ) = (14, 0.9, 0.3) s−1. (d, e, f )
Experiment with N/f = 1/3, (ω,N, f ) = (14, 0.3, 0.9) s−1. LB = 20.3 cm. From top to bottom
t = 360 s, t = 900 s, t = 3600 s.

front has been arrested. At t = 3600 s (figure 5f ) the eddies have grown and dispersed,
but the mixed fluid is still confined near the bar. For both examples in figure 5 weak
boundary currents are present; however, at most 5% and 1% of the mixed-fluid
volume flux is carried by these currents for N/f = 3 and 1

3
, respectively.
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Figure 6. Dye line images for experiment with N/f = 1, (ω,N, f ) = (14, 0.7, 0.7) s−1 and
LB =30.5 cm. The dashed lines indicate the original position of the dye lines. Images taken at
times (a) t = 420 s, (b) t = 600 s, (c) t = 1380 s, (d) t = 25 200 s.

All the localized vertical boundary mixing experiments show a similar pattern.
Mixed fluid is exported directly out into the tank, with little or no fluid exported in
a boundary current. The absence of dye at the sides of the mixing region suggests
that horizontal entrainment of ambient fluid at the level of the mixing bar may be
occurring.

4.2. Entrainment into the turbulent zone

Circulation of ambient fluid outside the dyed layer is investigated through two flow
visualization techniques. Potassium permanganate crystals are dropped at selected
locations to create full-depth vertical dye streaks that give the vertical structure of the
flow, and horizontal streaks of neutrally buoyant dye are laid down at specified depths
to illustrate the plan-view structure. Experiments are done for N/f =[1

4
, 1

2
, 1, 2]. The

experiment with N/f = 1, shown in figure 6, typifies the plan-view observations for dye
lines at the approximate depth of the mixing bar. The images show top views of the
tank with selected features labelled in figure 6(a). The dashed lines in figures 6(b, c, d)
give the initial positions of dye streaks.

Figure 6(a) at t = 7 min shows two dye lines. One, laid down at t = 300 s, has not
moved significantly. The other, laid down at t < 0, has been displaced outwards at the
centre and in toward the mixing bar at the sides. The outlined areas have a 1.67 ratio
of inward to outward flow. The uneven flow ratio may indicate that fluid is entrained
vertically as well as horizontally when mixing is initiated. By t = 600 s, both lines
have been drawn into the the sides of the mixing region and a central outward flow
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is clearly established (figure 6b). Later dye line displacements show an approximate
horizontal mass balance at the level of the mixing. The inbound and outbound
areas in figures 6(c) and 6(d) (t = 1380 s and 25 200 s, respectively) exhibit 1:1 ratios.
Horizontal dye lines at 5 cm above and below the bar depth give similar flows, but
with much smaller velocities, suggesting that the circulation at the level of the mixed
layer indicates the general pattern. More information on the vertical structure of the
velocity field comes from the vertical dye traces left by potassium permanganate
crystals. Dye columns are placed directly in front, and through, the lateral
intrusion of mixed fluid. Vertical streaks are also placed to the side of the exported
fluid, in the regions where the plan-view images indicated flow towards the mixing
zone. The displacement of dye traces in advance of the intrusion shows little or no
coherent motion, while the profiles through the mixed layer show a unidirectional
velocity over the whole depth of the fluid column. The velocity reaches its maximum
at the mixed-layer level and drops off rapidly above and below it, in agreement with
the pattern inferred from the horizontal dye lines. Profiles in undyed areas close to
the grid show horizontal flow of ambient fluid towards the mixing bar. Fluid at the
level of the mixed layer is drawn into the sides of the turbulent zone.

These observations imply that, except for the very early stages, the production of
mixed fluid relies on horizontal, rather than vertical, entrainment. The observations
support a picture of a mixing region of finite vertical and horizontal dimension that
draws stratified ambient fluid in along the walls of the tank at the level of the bar
and exports mixed fluid directly into the interior.

5. Quantitative analysis and scaling
Measurements of the mixed-fluid outflow cover the period between the emergence of

the mixed layer and the appearance of disturbances on the advancing front. Measured
quantities include mixed-layer height, intrusion advancement, and the plan-view area
and volume of mixed fluid.

The first fourteen experiments are conducted with a single bar size, LB = 30.5 cm.
Variations in LB are addressed in § 7. Eight experiments include both rotation
and stratification. Two experiments are run with ω = [7, 28] s−1. In all other cases,
ω = 14 s−1. In addition, three experiments have stratification but no rotation, and
three have rotation only. Table 1 lists the variables for all experiments, including
those in § 7 with LB = [15.2, 20.3, 22.9] cm.

5.1. Data sources

The main sources of quantitative data are the conductivity probe records and the
images of the dyed fluid. The probe measurements provide a detailed look at the
evolution of the vertical density structure. Figure 7 shows a series from Experiment 6
of density vs depth profiles taken 18.7 cm in front of the bar. The profile at t = 300 s
shows the initial linear density distribution as the mixed fluid has not yet reached the
probe. At t = 900 s a step in the linear density profile marks the arrival of the intrusion.
By t = 1800 s the step height is well-established. The dotted lines show five additional
profiles taken between t =2700 s and t =14 880 s. The intrusion is characterized by a
well-mixed middle zone bounded by two zones of high density gradient. In the period
after t =1800 s, the mixed zone grows from 2.8 to 3.9 cm, while the overall vertical
extent of the intrusion remains relatively constant. The intrusion height is defined as
the height of both the mixed middle boundary and the high-gradient boundary. It
is measured by the intersection points of the ambient, approximately linear, density
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Experiment LB (cm) ω (s−1) N (s−1) f (s−1) N/f hm (cm)

1 30.5 14 0.33 0.35 0.94 6.33
2 30.5 14 0.75 0.35 2.14 4.45
3 30.5 14 0.36 0.7 0.51 5.93
4 30.5 14 0.69 0.7 0.99 4.32
5 30.5 14 0.36 1.4 0.26 6.39
6 30.5 14 0.69 1.4 0.49 4.46
7 30.5 7 0.63 0.7 0.9 3.58
8 30.5 28 0.61 0.7 0.87 5.91
9 30.5 14 0.21 0 – 7.96

10 30.5 14 0.35 0 – 5.99
11 30.5 14 0.69 0 – 4.33
12 30.5 14 0 0.35 – –
13 30.5 14 0 0.7 – –
14 30.5 14 0 1.4 – –
15 15.2 14 0 0.35 – –
16 15.2 14 0.67 0.35 1.91 4.36
17 15.2 14 0.66 0.7 0.94 4.36
18 15.2 14 0.66 1.4 0.47 4.44
19 20.3 14 0.83 0.3 2.77 3.83
20 20.3 14 0.32 0.3 1.07 6.17
21 20.3 14 0.33 0.88 0.38 6.17
22 22.9 14 0.65 0.35 1.86 4.34
23 22.9 14 0.67 0.7 0.96 4.26
24 22.9 14 0.67 1.4 0.48 4.42
25 15.2 14 0.67 0 – 4.68
26 20.3 14 0.85 0 – 3.89
27 22.9 14 0.67 0 – 4.53

Table 1. Summary of the independent variables for each experiment: bar width LB , bar
frequency ω, buoyancy frequency N and Coriolis frequency f . Also listed are N/f and the
measured mixed layer height hm.

curve with the tangents of the high-gradient slopes. The probe data give an average
intrusion height, hp = (4.5 ± 0.2) cm. A second step, seen at the bottom of the density
profiles in figure 7, is due to mixing by the base of the grid support plate. In later
experiments the edge of the plate has been chamfered and the secondary step is
greatly reduced.

The probe measurements at two locations, one 18.7 cm in front of the grid and the
other 93.3 cm across the tank, register density changes only after the arrival of dyed
fluid. The appearance of dye is therefore associated with the presence of mixed fluid.
A comparison of layer thickness from the video images of dye to that determined
from the conductivity probe profiles shows a consistent relationship between the two
methods of measurements.

The dye distributions seen in figures 3 and 4 show one well-defined layer. Within the
first 100 s of bar motion, the dyed layer thickens and reaches a height that remains
nearly steady over the duration of the experiments and nearly uniform over the
length of the intrusion. Layer height measurements based on digitized video images
are taken about 2 cm in front of the bar where the images are sharpest. Mean values
for the dyed layer heights, hm, in each experiment are calculated from data collected
for t > 100 s. Corresponding mean values from the probe profiles, hp , are calculated
from data collected after the nose of the intrusion has passed the profiling site. The
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Figure 7. Eight density profiles for experiment 6 with (ω,N, f ) = (14, 0.69, 1.40) s−1 and
LB = 30.5 cm, taken 18.7 cm in front of the mixing bar between t = 300 s and t = 14880 s.

dyed layer in Experiment 6 has a mean height of hm =(4.5 ± 0.1) cm, comparing well
with the 4.5 cm from the probe measurement.

A straight line fit of the dyed layer heights to the probe profile heights for all the
stratified, rotating experiments, gives

hm = (1.00 ± 0.07)hp, (17)

therefore allowing the numerous video images to give good estimates of the intrusion
thickness. Even though the dye does not measure the thoroughness of the mixing, it
serves as a marker for flows of mixed fluid from the turbulent zone. In the following
subsections digitized video images of the dye are used to document and quantify the
evolution of mixed fluid.

5.2. Vertical mixing and layer height

Mixed layer height hm, based on a time mean of the dye images, scales well with the
buoyancy scale height, HN = γ (ω/N )1/2 (14), as shown in figure 8. Recall the constant
γ =0.98 cm. The errorbar on selected data points gives the standard deviation about
the mean height for the individual experiment. On average, the standard deviation is
5% of the mean value. A linear fit to the data gives

hm = (0.97 ± 0.05)γ
( ω

N

)1/2

. (18)

This dependence of layer height on γ (ω/N )1/2 is consistent with the earlier non-
rotating studies of Ivey & Corcos (1982), Thorpe (1982), and Browand & Hopfinger
(1985).

The data in figure 8 are from Experiments 1–11, both with and without rotation,
and show no dependence on f . Davies et al. (1991) did find a dependence of layer
height on rotation, but only after mixed fluid had circled the tank and returned to
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Figure 8. Mean height of mixed layer versus buoyancy scale height (14), for experiments
with 7 � ω � 28 s−1, 0.33 � N � 0.75 s−1, 0 � f � 1.40 s−1, and LB = 30.5 cm. Symbols indicate
rotation rates for individual experiments.

the source region. The short-term mixed-layer height was unaffected by rotation and
also scaled with (ω/N )1/2.

5.3. Advance of the mixed-layer front

The horizontal distribution of the mixed fluid in the rotating stratified experiments
is investigated by determining the position of the mixed-layer front along an axis
normal to the bar and the total plan view area of dye (i.e. mixed fluid). The advance
of the mixed-layer front versus time is shown in figure 9. The intrusion length lm
is determined from the side-view images. Time is normalized by f −1 and the length
lm by the deformation radius, LR = Nh/f (16), with h given by hm (18). The data
collapse to an intrusion length that grows approximately as t2/3,

lm = (0.20 ± 0.04) LR( ft)0.65±0.04. (19)

The speed of the front is proportional to Nhm, the speed of a gravity current with
height hm, with a weak dependence on non-dimensional time ft,

dlm

dt
= 0.13 Nhm( ft)−0.35. (20)

The time dependence may be due to the two-dimensional spreading of the front which
is certainly affected by rotation.

The measurements of intrusion length are taken until the outflow front becomes
irregular and develops baroclinic eddies. This occurs when

lm = (10.3 ± 1.7)LR (21)

as shown in figure 10. The first disturbances appear in the emergence of tendrils of
dyed fluid or the formation of multiple lobes. In figure 5(a, b, c) LR =11 cm and the
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Figure 9. Advance of the mixed fluid along the normal axis. Intrusion length normalized
by the deformation radius, LR = (N/f )hm, versus non-dimensional time ft, for all rotating
stratified experiments with LB = 30.5 cm.
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Figure 10. Position of the mixed fluid along the normal axis at the onset of instability. Length
of intrusion versus deformation radius, LR = (N/f )hm, for all rotating stratified experiments
with LB = 30.5 cm.
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Figure 11. Horizontal area of mixed fluid for all rotating stratified experiments with
LB =30.5 cm. Symbols indicate values of ω, N and f . (a) Area (cm2) vs time (s). (b) Area
normalized by LRLf , given by (16) and (15), vs non-dimensional time ft.

intrusion crosses the tank inner diameter of 112 cm without developing instabilities. In
figure 5(d, e, f ) LR = 2.1 cm. At t = 360 s the intrusion length is ∼ 10LR . Beyond this
point it develops multiple lobes, as shown in figure 5(e), and the continued outflow
of mixed fluid, shown in figure 5(f ), involves a complex eddy field that transports
mixed fluid further into the tank interior.

5.4. Lateral spreading and volume flux of the mixed layer

Prior to the development of instabilities the advancing front exhibits a simple geometry
from which the plan-view area of mixed fluid, Am, can easily be determined. The
dimensional measurements of area vs time are shown in figure 11(a). One obvious
scaling of the data is to normalize the area with L2

R and time with f −1. However,
this does not collapse the data very well. A better fit is found when the area is scaled
by LRLf . The scaled area data, shown in figure 11(b), now collapse to a straight line
with a correlation coefficient r = 0.99,

Am = (0.15 ± 0.03)LRLf ft. (22)

Scaling the area by LRLf suggests that the horizontal spreading of mixed fluid is
more than an adjustment of laminar outflow to background rotation. It implies that
the characteristics of the mixed layer are determined, in part, by the rotational control
of turbulent motion.

Rotational control of bar-generated turbulence occurs when the turbulent Rossby
number (10) drops to O(1) or below and the turbulence becomes essentially two-
dimensional and columnar as in the experiments of Hopfinger et al. (1982) and
Dickinson & Long (1983). Rotational influence in the absence of stratification is
examined in Experiments 12–14. While the dye injected at the bar does not capture
the transition from isotropic turbulence to rotationally dominated flow, it does show
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the large-scale Lagrangian advection of fluid away from the mixer. The dyed fluid
quickly forms into vertical sheets which span the full depth and expand horizontally
into the undisturbed interior. Figure 12 shows the growth of the plan-view area of
dyed fluid. The relationship between the area A and the rotational length scale Lf

collapses reasonably well with the scaling

A = (0.09 ± 0.02)L2
f ft. (23)

This result, although limited, indicates that the horizontal extent of motion in a
homogeneous fluid is consistent with the idea of rotational inhibition of turbulence.

Returning to the stratified experiments, since mixed-layer height is approximately
constant prior to the development of instabilities, the volume of mixed fluid in the
stratified experiments is Vm =hmAm (for t > 150 s). From (22),

Vm = (0.16 ± 0.03)LRLf hm ft. (24)

The slight change in the constant of proportionality is due to the difference between
the measured mixed-layer heights and the scaling formula for hm (18). The volume
flux of mixed fluid is constant,

dVm

dt
= Q = 0.16LRLf hmf. (25)

Interestingly, this scaling suggests that the volume flux is independent of the bar
width LB , though this has yet to be demonstrated as all the experiments considered
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Figure 13. A schematic diagram showing the outward flux of mixed fluid, and the lateral
entrainment of stratified fluid at the sides of the turbulent zone. The dimensions of the
turbulent zone are labelled, LB ×Lf × hm, where LB is the bar width and Lf and hm are given
by (15) and (18), respectively.

have LB = 30.5 cm. In the next section a simple physical scaling model is proposed to
rationalize this result, and then is tested with additional experiments using variable
LB .

6. A model for mixing in the presence of rotation
6.1. Model of lateral entrainment

An entrainment model is proposed that provides a physical interpretation for the
volume flux of exported mixed fluid. The basic features of the model are illustrated
in figure 13. The assumptions of the model are as follows. The volume of the
turbulent zone scales as Vt ∼ LBLf hm. Horizontal entrainment dominates any vertical
entrainment. This assumption is discussed more fully below. Horizontal entrainment
is at the sides of the mixing zone (figure 6), and occurs over the vertical scale hm and
the lateral scale Lf , perpendicular to the wall. The inflow is assumed to be in thermal
wind balance. Scaling the depth-integrated thermal wind, v ∼ f −1(g/ρo)(�ρ/�x)�z,
with the deformation radius, LR = Nhm/f , for �x, the mixed layer depth hm for �z,
and the ambient stratification N gives the entrainment velocity, ue ∼ Nhm.

As sketched in figure 13, ambient fluid enters across a surface area, hmLf , with the
velocity ue giving an influx

Qin ∼hmLf ue. (26)

With negligible vertical entrainment, the mixed-fluid outflow must equal twice the
inflow, thus with ue ∼ Nhm =LRf ,

Qout ∼ hmLf LRf. (27)

Density is conserved since the inflow is linearly stratified and the outflow mixed with
the mean density. The scaling is consistent with the experimental result (25), and is
independent of the mixing zone width, LB .

6.2. Model of vertical entrainment

An alternative hypothesis is that production of mixed fluid occurs through vertical
entrainment only. The assumptions for this model are as follows. The volume of the
turbulent zone is again Vt ∼ LBLf hm. Vertical entrainment of unmixed fluid occurs
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across the upper and lower surfaces of the turbulent zone over the area LBLf .
Horizontal entrainment is negligible.

The vertical inflow velocity is based on an entrainment law of the form
we/ut ∼ Ri

−3/2
t , where the Richardson number Rit ≡ N 2l2t /u

2
t . The rapid establishment

of mixed-layer height hm and the development of sharp density interfaces above and
below the layer are consistent with earlier studies of non-rotating grid-generated
turbulent entrainment which support the Ri

−3/2
t dependence (Linden 1973; Turner

1973, 1986; Maxworthy & Monismith 1988; Fleury et al. 1991). The t1/8 growth rate
of the non-rotating small tank experiments reported in § 3.2 is also consistent with
predictions of the Maxworthy–Monismith mixed-layer model.

Maxworthy & Monismith defined we ≡ dh/dt . Using the Denton & Wood (1981)
formula for we as a function of Ri

−3/2
t and the Hopfinger & Toly (1976) grid

parameterization of turbulent properties, Maxworthy & Monismith showed that, for
Nt � 1, the Ri

−3/2
t power law gave h ≈ 1.15(K/N)1/2(Nt)1/8, where ut =0.29K/h and

(K/N)1/2 denotes the height of the mixed layer after a rapid adjustment phase.
When the single-bar parameterizations of ut and lt (13) are used in the Maxworthy–
Monismith calculation, h ≈ 1.11hm(Nt)1/8, implying that we = 0.14Nhm(Nt)−7/8, with
hm given by (18).

Fleury et al. (1991) studied vertical entrainment in rotating and non-rotating
stratified fluids, and in the non-rotating case determined we/ut =1.6Ri−3/2. The Fleury
et al. formula implies a vertical entrainment velocity for single-bar turbulence similar
to that derived using the Denton & Wood relation,

we = 0.15Nhm(Nt)−7/8. (28)

Fleury et al. demonstrated that rotation inhibited vertical entrainment for N/f < 3.
Thus, for the present experiments, (28) provides an upper bound estimate of the
vertical velocity we. The formula is applied for times t > 100 s, after the height hm has
been set. Vertical flux across the top and bottom surfaces is given by

Qvert = 0.30LBLf Nhm(Nt)−7/8, (29)

which by continuity is equal to the outflow of mixed fluid Qout . Note that unlike the
lateral entrainment model, the flux is proportional to the mixing-region width LB .

The total volume of mixed fluid is calculated from the establishment of the mixed-
layer height, at t ≈ 100 s, to the typical upper limit of volume measurements at
t ≈ 1000 s. The parameters of Experiment 8 predict the maximum vertical entrainment,

Vtot =

1000 s∫
100 s

Qvert dt = 1800 cm3. (30)

Experiment 4, with more typical parameters, results in Vtot = 800 cm3. For these two
examples, the observed changes in volume during the same period are 25 500 cm3 and
9000 cm3, respectively. Thus, the estimates of vertical entrainment account for only
7% and 9% of volume growth.

However, the assumption we ∼ t−7/8 may be incorrect and lead to an underestimate
of the net vertical entrainment in the case of localized mixing. A modified model
assumes a reduction in vertical entrainment with the establishment of mixed layer
height hm, but a constant entrainment rate thereafter. A rough estimate of volume
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change is made by calculating the vertical flux (29) during the first 10 s after layer
height has been established. The result is then multiplied by 90 to cover the entire
900 s period,

Vtot = 90

110 s∫
100 s

Qvert dt . (31)

For the experiment with maximum flux Vtot = 5600 cm3 and for the more typical
experiment Vtot = 2700 cm3. Vertical entrainment estimates now account for 22% and
30%, respectively, of observed mixed-fluid volumes. These estimates would seem to be
upper bounds on the vertical entrainment and support the assumption that horizontal
entrainment plays the dominant role.

7. Variations in bar width
The horizontal entrainment model (26) implies that the production of mixed fluid

is independent of bar width. This is tested with a series of experiments with variations
in bar width LB = [15.2, 20.3, 22.9] cm, 1

2
, 2

3
, and 3

4
of the original width, respectively.

The range of bar size is based on two considerations: keeping the mixing region small
relative to the tank size, and keeping it large relative to the rotational length scale Lf

in order to avoid interactions between lateral flows being entrained into the turbulent
zone from opposite sides. It is assumed that the properties of turbulent motion, given
by (13), are unchanged.

For each bar width, the bar frequency ω = 14 s−1 is held constant, and experiments
are conducted for three different values of N/f . See table 1, Experiments 16–24.
Three experiments, Experiments 25–27, are run without rotation and one without
stratification, Experiment 15. The data are analysed as in the earlier experiments.

The mean height of the mixed layer hm is plotted against the buoyancy height scale
HN (14) in figure 14 along with the earlier results from figure 8. The new data fall
within the error limits of the original fit (18), showing that turbulent properties are
unaffected by variations in LB over the range, 1

8
� hm/LB � 1

3
.

The rotational length scale Lf , which also depends on the turbulent properties,
is examined in an unstratified experiment using the shortest bar width. The
measurements of areal spreading are included in figure 12, and scale as L2

f ft, consistent
with the original unstratified data for LB = 30.5 cm.

Mixed-fluid volume observations from the nine new rotating stratified experiments
with various LB are presented in figure 15. Figure 15(a) plots the dimensional data and
figure 15(b) plots the data scaled according to (24). The results from the experiments
with the 3

4
width bar are on the low side, but there is no pattern of shorter bar widths

generating smaller volumes of mixed fluid. Overall, the best fit for all bar widths is
the original horizontal entrainment scaling (24) that is independent of LB .

8. The limits of rotational effects
The experiments discussed so far have investigated localized mixing in rotating,

stratified fluids with 1
4

� N/f � 2. They indicate that while local vertical mixing and
the height of the mixed layer are independent of rotation, the production of mixed
fluid is restricted by it. The restrictive effects of rotation are seen in the lateral
spreading (22) and the volume growth (24) of mixed fluid, both of which scale as
f −1/2. The flux of mixed fluid increases as the rotation rate decreases, but cannot



106 J. R. Wells and K. R. Helfrich

0

1

1 2 3 4 5 6 7 8 9 10

2

3

4

5

6

7

8

9

10

h m
 (

cm
)

γ (ω/N)1/2 (cm)

LB  (cm)

15.2
20.3
22.9
30.5

Figure 14. Mean height of mixed layer versus buoyancy scale height (14), for experiments
with all bar widths. The small squares indicate the original set with LB = 30.5 cm (see figure 8).
The dotted lines give the original straight line fit ± one standard deviation.

1.4

1.2

1.0

0.8

0.6

0.4

400 800 1200

0.2

0

V
m

 (
cm

3 )

(×104)
120

100

80

60

200 400 600 800

40

20

0

(a) (b)

V
m

 / 
L

R
L

fh
m

t (s) ft

LB (cm)
15.2
20.3
22.9
30.5

Figure 15. Volume of mixed fluid for all bar widths. The squares indicate the original
set with LB = 30.5 cm. (a) Volume (cm3) vs time (s). (b) Volume normalized by LRLf hm

vs non-dimensional time ft, with LR = (N/f )hm, and Lf and hm given by (15) and (18),
respectively.

grow indefinitely. This section examines the non-rotating limit in order to investigate
the behaviour of mixed fluid production as f → 0. The results from six non-rotating
stratified experiments are discussed. Three experiments are conducted for the original
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shapes. (a) Volume (cm3) vs time (s). (b) Volume normalized by LBh2

m vs non-dimensional
time Nt.

bar LB = 30.5 cm with N = [0.21, 0.35, 0.69] s−1, and one each for the other bar widths
LB =[15.2, 20.3, 22.9] cm with N = [0.67, 0.85, 0.67] s−1, respectively.

The mean mixed-layer heights hm, immediately in front of the bar, are included in
figures 8 and 14 and are indistinguishable from the results of the rotating experiments.
However, unlike the rotating experiments the layers do not maintain a uniform height
as they move into the interior. In the absence of rotation the turbulent fluid simply
collapses into a thinning laminar intrusion of mixed fluid as shown in figure 2(a).

The horizontal areas of the spreading fluid are measured as before from the plan
views, but the volume estimates are complicated by the non-uniform heights. The
volume is estimated using a spatial mean height h calculated from the intrusion side-
view area and length. This method tends to overestimate the volume as the mixed
layer spreads beyond the width of the mixing bar, but other methods of representing
hm, such as fitting triangular and parabolic functions to the intrusion shape, were
found to be inconsistent predictors of layer height.

The mixed-fluid volume estimates are shown in figure 16. Figure 16(a) plots the
dimensional data, and figure 16(b) shows the volume scaled by LBh2

m versus non-
dimensional time Nt. This scaling gives the best fit for all the data, even though
the experiment with the 3

4
width bar falls below the others, just as in the rotating

experiments. The experiments for each bar width involve separate laboratory setups
and it is possible that different conditions have been unintentionally introduced. If
the 3

4
bar experiment is excluded, a straight line fit to the data gives the volume,

Vm = (0.072 ± 0.008)LBh2
mNt. (32)

With all data included Vm = (0.064 ± 0.011)LBh2
mNt . The flux Q is constant,

Qf =0 ∝ LB Nh2
m, (33)

and unlike the rotating experiments is a function of the mixing-zone width.
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Figure 17. Flux of mixed fluid in experiments with and without rotation. The legend indicates
the bar width LB of each experiment. For the rotating experiments flux is normalized by
LBh2

mNt and plotted vs Lf /LB, with Lf and hm given by (15) and (18), respectively. Flux for
the experiments without rotation is plotted on the far right.

The model for mixing in the presence of rotation (§ 6.1) suggests that an appropriate
scaling for the non-rotating case could be based on entrainment at the sides of the
turbulent zone over an area hmhm leading to a volume scaling h3

m. However, this
scaling does not collapse the data as well as the scaling LBh2

m.
The production of mixed fluid may be driven by the horizontal pressure gradient

at the face of the turbulent zone, of width LB and height hm, and supplied by a
combination of vertical and horizontal entrainment. The vertical entrainment model
(§ 6.2) again suggests that vertical entrainment alone is insufficient. The qualitative
observations of circulation in the non-rotating experiments indicate the presence
of lateral entrainment. Dye traces from potassium permanganate crystals show
compensatory return flows of ambient fluid at the level of the mixed layer. These
flows may also be supplemented by horizontal flow into the front of the turbulent
region along the top and bottom edges of the collapsing intrusion, as described in
the experiments of De Silva & Fernando (1998).

Figure 17 compares the production of mixed fluid with and without rotation. The
flux Q calculated for each experiment is scaled by LB Nh2

m. The rotating experiments
are plotted versus Lf /LB . Values for the non-rotating experiments, which correspond
to Lf → ∞, are placed at the far right of the plot. For a given bar width the flux of
mixed fluid in the presence of rotation is always lower than for f = 0. The magnitude
of flux approaches the non-rotating values as the rotational length scale Lf increases,
that is, as rotation decreases. The non-rotating limit appears to be achieved for
Lf /LB � 0.4–0.5. However, there are no data at finite Lf and Lf /LB > 0.5. It is
interesting that the factor that differentiates rotating from non-rotating experiments
is a function of the rotational length scale and the width of the mixing region rather
than N/f as might be have been expected.

9. Discussion
The present experiments on localized turbulence in a rotating stratified fluid indicate

that the vertical extent of overturning and the height of the mixed layer are set by
stratification and independent of rotation. However, the flux of mixed fluid, which
depends primarily on lateral entrainment of unmixed fluid into the turbulent zone, is
limited by the rotational control of the turbulence.

The scalings resulting from the laboratory experiments can be written in terms
of the external parameters, N , f and ω, using the length scale definitions for HN ,
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Lf and LR , (14)–(16). Thus, as numerous previous investigations have found, mixed-
layer height is a decreasing function of the ambient stratification and independent of
rotation,

hm ∼ ω1/2N−1/2. (34)

The lateral spreading of mixed fluid increases with stratification, decreases with greater
rotation, and is linear in time,

Am ∼ ω

(
N

f

)1/2

t. (35)

Since with rotation the mixed-layer height is spatially uniform in the coherent portion
of the outflow, the exported volume of mixed fluid,

Vm = hmAm(t) ∼ ω3/2f −1/2t, (36)

also grows linearly with time. It is restricted by rotation and, interestingly, is
independent of the stratification.

The characteristic dimensions of the mixed fluid are all functions of the bar
frequency ω, which represents the imposed turbulence through the parameterization
of the inverse turbulent time scale, ut/ lt = γ 2ωd−2 (13). Increasing ω increases ut (lt
is independent of ω), thus making the turbulence more energetic. Since in the ocean
turbulence is driven by processes, such as internal wave breaking, that are not direct
analogues of ω, it is convenient to eliminate ω in favour of hm, a quantitiy that
can be measured or, as discussed below, inferred from observations. This gives the
experimentally determined scaling for mixed-fluid flux written in terms of N , f , and
hm,

dVm

dt
= Q =0.16

(
N

f

)3/2

h3
mf, (37)

and lateral spreading

Am = 0.15

(
N

f

)3/2

h2
m ft. (38)

The mixed-layer thickness hm can be estimated from the Thorpe scale, LT , a length
scale associated with turbulent overturns obtained from a reordering of unstable
density inversions in an observed profile (Thorpe 1977). It can also be inferred from
the measurement of turbulent properties. The dissipation rate of turbulent kinetic
energy, ε = u3

t / lt (6), is related to layer height by the Ozmidov scale, LO = (ε/N3)1/2

(5). (See § 3.1) The experiments show hm/LO ≈ 4, giving

hm ≈ 4

(
ε

N3

)1/2

. (39)

Previous laboratory studies (Thorpe 1982; Browand & Hopfinger 1985; Davies et al.
1991; De Silva & Fernando 1998) found values between 1 and 5 for the ratio of
critical height to Ozmidov length. A similar relationship was also established in a
study of wind-driven mixing in a fresh water lake (Dillon 1982). Dillon used density
profiles and microstructure measurements to show that, away from the source of
turbulence at the surface, the Thorpe scale was directly proportional to the Ozmidov
scale, LT ≈ 1.25LO .
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Site (depth (m)) N (s−1) f (s−1) ε (m2 s−3) N/f Hε (m)

MidAtlantic Ridge crest (4300) 1 × 10−3 5.4 × 10−5 1.4 × 10−9 19 500
MidAtlantic Ridge canyon (4550) 7.7 × 10−4 5.4 × 10−5 2 × 10−9 14 500
Pacific Seamount flank (1300) 2.2 × 10−3 7.8 × 10−5 4.5 × 10−9 29 200
Continental Slope canyon (1100) 1 × 10−3 8.7 × 10−5 6 × 10−9 12 150

Table 2. Typical values of the buoyancy frequency N and the dissipation rate of turbulent
kinetic energy ε for four ocean sites. Also listed are the Coriolis frequency f , N/f , and the
vertical extent of significant dissipation, Hε .

With the appropriate substitutions, Lf , LR and the flux Q of mixed fluid are given
as functions of N , f and ε:

Lf ≈ 4

(
N

f

)1/2 (
ε

N3

)1/2

, (40)

LR ≈ 4

(
N

f

)(
ε

N3

)1/2

, (41)

Q ≈ 10

(
N

f

)3/2 (
ε

N3

)3/2

f. (42)

The coefficients in (39)–(42) depend in part on the specific laboratory mixing
mechanism used in the experiments. Even with this caveat in mind, it is worthwhile
to apply the scalings. The implications for oceanic boundary mixing are examined
using observations at four sites: the crest and canyon of a transverse fracture zone
on the MidAtlantic Ridge (Polzin et al. 1997; Ledwell et al. 2000; St. Laurent,
Toole & Schmitt 2001), the flank of the North Pacific Fieberling Seamount (Kunze &
Toole 1997; Toole et al. 1997), and a canyon on the North Carolina continental slope
(K. Polzin, personal communication). Table 2 shows typical values of the buoyancy
frequency N and dissipation rate ε for a representative depth at each site. It also gives
the Coriolis frequency f , N/f and Hε , the vertical extent of significant dissipation.

The calculated mixed layer heights (39) are 2.5 � hm � 10 m. In the one instance
where overturning scales are recorded, at the seamount flank, the height, hm =2.5 m,
compares well with the observed scales which are O(1) m and a maximum of 4 m
(Toole et al. 1997). With hm � 10 m and N/f = O(10), the deformation radii associated
with the exported mixed fluid, LR =O(100) m, are very small by oceanographic
standards. Laboratory results predict that the coherent advance of mixed fluid into
the interior will be arrested at length scales equal to approximately 10LR . Thus,
intrusions are expected to develop baroclinic instabilities within about 1 km of the
boundary.

Estimating the total mixed-fluid production is somewhat more problematic since the
flux formula (42) is determined for a single isolated patch of mixing and numerous
irregularly spaced patches may be generated at the sites listed in table 2. The
flux for an individual patch is independent of patch width LB , at least within the
experimental limits, 0.1 � Lf /LB � 0.4. Given the inferred rotational length scales
(40), 15 <Lf < 35 m, the formula applies to patches between 30 and 350 m wide and
predicts a flux, 0.03 � Q � 0.50 m3/s. For patch widths< 30 m, i.e. for Lf /LB � 0.4, the
volume flux of mixed fluid is expected to be comparable with the flux observed in the
absence of rotation (33) (see figure 17). For patch widths LB � 350 m or Lf /LB 
 0.1,
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the laboratory results suggest that vertical entrainment, which is a function of patch
width, may become increasingly significant.

These estimates are for individual patches of height hm. It seems more likely that
the scales will depend also on the height of the dissipation region, Hε . Experimental
studies have shown that turbulent mixing over an extended vertical distance produces
multiple layers of mixed fluid. The grid mixing experiments of Ivey & Corcos (1982),
Thorpe (1982), and Browand & Hopfinger (1985) generated multiple layers, each of
which was proportional to the Ozmidov scale. Multiple horizontal intrusions were also
observed in the rod stirring experiments of Park, Whitehead & Gnanadeskian (1994),
and Perera, Fernando & Boyer (1995) and in laboratory studies of wave breaking
on sloping boundaries (Cacchione & Wunsch 1974; Ivey & Nokes 1989). If stacked
layers of mixed fluid, exported from the regions of intense dissipation cited in table 2,
acted as a single vertically coherent unit with respect to the ambient stratification and
rotation, the penetration into the interior would be proportional to the height scale
Hε , which is 15 to 100 times greater than hm. This would lead to coherent penetration
distances of O(10) km and mixed fluid fluxes up to O(104) times the estimate for a
single layer. The question of the collective behaviour of a number of vertically stacked
intrusions in the presence of rotation was not investigated, but it could readily be
explored in a future study.

The horizontal distribution of turbulent mixing also requires further investigation.
In general, the total production of mixed fluid is expected to depend on the number of
discrete patches of mixing rather than on the horizontal extent of rough topography.
However, the abrupt features that are assumed to promote patchiness and increase
mixed fluid flux may, instead, pose barriers to lateral entrainment and thus decrease
production. If localized turbulence is partially enclosed, mixed-fluid production may
shift from rotational control to dependence on mixing-region length and vertical
entrainment, and outflow patterns may change as well. A second paper will address
these issues through a set of experiments that investigate mixing at the closed end of
a channel that opens into a larger basin.

In the present set of experiments, the most striking result is the significant role
of lateral flows in the production as well as the distribution of mixed fluid. It is
not surprising that fluid would preferentially follow isopycnals, but the previous one-
and two-dimensional laboratory studies precluded lateral entrainment at the level of
the mixing. When the mixing is localized, lateral entrainment can sustain a constant
flux of mixed fluid at a much higher rate than can be produced through vertical
entrainment alone. The lateral processes also bring out the relationship between
rotation and turbulence and demonstrate the inhibiting effects of rotation on mixed-
fluid production.

This work was supported by the Ocean Ventures Fund, the Westcott Fund and
the WHOI Academic Programs Office. Financial support was also provided by the
National Science Foundation through grant OCE-9616949. This is Woods Hole
Oceanographic Institution Contribution Number 11120 .
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